ALGEBRAIC MODELS FOR MEASURE
PRESERVING TRANSFORMATIONS

BY
N. DINCULEANU AND C. FOIA§

1. Introduction. The purpose of this paper is to study measure preserving
transformations T on probability measure spaces (X, Z, 1) by means of algebraic
models (T, U, ¢) (see Definitions 1 and 2).

The results obtained here contain those obtained in [3] concerning algebraic
models (T, ) of measure spaces (X, %, u).

Each transformation possesses algebraic models and conversely every algebraic
system is a model for a certain transformation (Theorem 2). Algebraic models
determine transformations uniquely up to a conjugacy (Theorem 1).

Transformations with discrete models (see Definition 3) are uniquely determined
by (', U) (Theorem 3). Such transformations are characterized by the existence of
an orthonormal basis I < L?(u) of functions | f|=1, which is also a multiplicative
group, such that U,I'"= C-I" (direct product), where C is the circle group (Theorem
5). In certain cases, conjugacy does no more involve U either (Theorem 4). Con-
tinuous automorphisms and rotations on an abelian compact group—equipped
with Haar measure—are examples of transformations with discrete model (Corol-
lary of Theorem 5), and in fact, every invertible transformation with discrete model
is a superposition of an automorphism and a rotation (Theorem 6).

The class of transformations with discrete models contains the transformations
with quasi-discrete spectrum (see Abramov [1]) and the transformations with
discrete spectrum (see Halmos [5]). Necessary and sufficient conditions are given
for algebraic systems in order to be models for transformations with quasi-discrete
spectrum (Theorem 10) or with discrete spectrum (Theorem 11). We mention also
Theorem 12 which gives necessary and sufficient conditions in order that I'; =T,

In Theorems 7 and 9, ergodicity of transformations is characterized by means of
algebraic models.

2. Preliminaries. Let (X, 2, x) be a probability measure space and T: X — X
a measure preserving transformation.

(1) We denote by I'(x) the multiplicative group of the (equivalence classes of)
functions f e L*(u) with | f|=1, by ¢, the function of positive type on I'(x) defined
by

wulf) = [fdu, forfeTe
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and by Uy the linear isometry defined on L?(u) by Upf=f o T. Then [3, Proposition
1], '

() =1 ifandonlyif f=1

and Uy (or, more precisely, the restriction of Ur to I'(w)) is an injective homomor-
phism of I'(x) into itself, such that

Uyc = ¢, for c € C (the circle group)

?u(Urf) = @u(f), for feT'(u).
If T is invertible, then Uy is an automorphism of T'(w).
(2) For every function fe I'(u) put
wr(f) = Urf: f

Then wy is a homomorphism of I'(k) into itself and we have

Urf = wi(f)-f.

wr(f) is called the generalized proper value corresponding to the generalized
proper function f of Uy.

A subgroup I'cI'() is invariant under Uy (that is UyI'<T) if and only if T is
invariant under wy (that is w,I'<T).

(3) For every integer n=0 put

[y = To(T) = wi™(C) = {fe T(w); wr(f) € C}.

In particular, I'y=C and T; is the set of the proper functions of U, belonging to
I'(w). Each T, is a group invariant under Uy and I',< T, ,, for every n. The set

and

I =ToM)= \JT,

n=0
is also a subgroup of I'(w) invariant under U;. Moreover, if I'<I'(x) is a group
such that
CcT and wsl'=T

then I', <T. (In fact, for every n we have wy *(C)cwz"I'<T).

In particular, if I, ., =T, for some n, then ', =T,.

(4) For every integer k=0, U¥ is an injective homomorphism of I'(u) into
itself and

?u(UFf) = @), forfeTl(w).

If P<TI'() is invariant under Uy, then I is invariant under U%.
For every n we have

Tu(T) = TW(T*)
Lo(T) < To(TY).

therefore
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(5) Let I be an abelian group containing a subgroup C’ of the circle group C,
and suppose that I'=C’-I" (direct product), where I is a subgroup of I'. Let
further U: I" — T" be an injective homomorphism such that

Uc=c forceC’.

For every y € I'" we have Uy € T, therefore, there exists a number p(y) € C’ and
an element Vy € I'V such that

Uy = p()Vy.
Then p: I — C’ is a homomorphism and V: IV — I is an injective homomor-
phism. Moreover, for every n there exists a homomorphism p,: I — C’ such that

Uty = p(p)V™, foryel”.

In particular, if '<I'(x) and U=Uy, then Vy=y and p(y)=wy(y), for ye IV
N Ty(T).

Conversely, if p: I" — C’ is a homomorphism and V: IV — I" is an injective
homomorphism, then the equality

U(ey) = co()V(y), forceC’ and yel
defines an injective homomorphism U: I' — I" which satisfies

Uc=c¢c forceC’
and
Uy = p(y)Vy, foryel.

(6) Let (X', Z', u') be a probability measure space and 7': X’ — X’ a measure
preserving transformation.

The transformations T and T" are conjugate (see [5, pp. 44-45)) if there exists a
linear isometry

#: L) > L)
such that
$L*(p) = L*(),
$(fg) = ¢f-¢g, for f,geL=(n)

and
¢Ur = Urd.

It follows then that $L*(u) = L®(u') and
I¢fle = Iflle, forfeL®().

REMARK. To say that T and 7" are conjugate means that the measures x and p’
are conjugate (see [3, Definition 1]) by means of a linear isometry ¢: L2(u) — L2(n")
which satisfies in addition the equality

¢Ur = Urd.
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The following proposition gives some conjugacy invariants connected to I'(w),
Uy and ¢,.

ProrosITION 1. If T and T’ are conjugate, then there exists an injective homo-
morphism ¢: I'(n) — I'(n") having the following properties:
(@) #0()=T();
(i) ¢c=c, for ce C;
(iii) If T<=T'(u) generates L*(u), then ¢I" generates L3*(n');
@iv) If I'<I'(w) is an orthonormal system in L%*(u) then ¢T' is orthonormal in
L2(p);
() $TA(T)=Tw(T") and ¢T'x(T)=T'u(T");
VD) eu(N)=eu($f), for fe T(w);
(vii) ¢Ur=Ur-¢ and ¢wr=wr.¢.

In fact, if ¢ is a linear isometry of L%(u) onto L?(u") realizing the conjugacy between
T and T, then the restriction of ¢ to I'(u), still denoted by ¢, is the required iso-
morphism (see also [3, Proposition 2]).

REMARK. We shall see (corollary of Theorem 1) that, conversely, if 4 is an iso-
morphism of I'(x) onto I'(n) satisfying conditions (vi) and (vii), then T and T"
are conjugate.

3. Algebraic models. The considerations of the preceding section lead to the
following

DEFINITION 1. A system (T, U, ¢) consisting of an abelian group T' with unit 1,
an injective homomorphism U: I' = I' and a complex function of positive type ¢ on T’
such that p(y)=1 if and only if y=1 and p(Uy) =¢(y), for y € T, is called an algebraic
ergodic system (a.e. system).

Two a.e. systems (T, U, ) and (I, U’, ¢') are said to be isomorphic if there exists
an isomorphism ¢ of T onto I'" such that

ov) = ¢'($7), foryel
and
U = U'¢.
If we define the homomorphisms w: I' — I" by
wy) = Uy-y~?, foryel

and the homomorphism w': I' — I in a similar way, then condition ¢U=U’¢
above is equivalent to condition ¢w=w'¢.

ExampLE. If T is a measure preserving transformation on a probability measure
space (X, Z, u), then (C, U, ¢,) and (I'(»), Uy, ¢,) are a.e. systems. More generally,
for every group I'c I'(x) invariant under Uy, (T, Uy, @,) is an a.e. system.

We shall see (Theorem 2) that every a.e. system can be obtained in this way.
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ReEMARKS. 1°. To say that (T, U, ¢) is an a.e. system, means that (T, ) is a
measure system (see [3, Definition 2]) and that U: ' —I' is an injective homo-
morphism -satisfying @(Uy)=¢(y) for yeI'. Then (I, ¢ U) is also a measure
system. Moreover, if UT'=T, then (T, ) and (T, ¢ o U) are isomorphic measure
systems.

Conversely if (T, ¢) and (T, ¢") are isomorphic measure systems by means of an
isomorphism U: T — T, then (T, U, ¢) is an a.e. system and UI'=T.

2°. To say that two a.e. systems (T, U, ¢) and (I", U’, ¢") are isomorphic,
means that (T, ¢) and (I", ¢') are isomorphic measure systems, by means of an
isomorphism ¢: I' — I'" which satisfies ¢ U= U’¢.

Conversely, if (T', ¢) and (I, ¢') are isomorphic measure systems, then taking
U:T—T and U': I" — I the identity mappings, the a.e. systems (I, U, ¢) and
(I, U’ ¢') are isomorphic.

3°. If (T, U, ¢) is an a.e. system, then the set C'={y € I'; |p(y)| =1} is a group,
and ¢ is an injective homomorphism of C’ into the circle group C. If we identify
an element y € C’ with the number ¢(y)=c, we have (see [3, corollary of Prop-
osition 3])

o(cy) = cp(y), forceC’ and yeTl.
Moreover,
Uc=c¢ forceC'.

In fact, if ¢ € C’, then p(Uc)=¢(c)=c, therefore Uc e C' and Uc=c.
If C’ is divisible, then there exists a group I'<T' such that

I' = C’-T" (direct product).

The a.e. system (T, U, ) can be embedded in an a.e. system (T',, U;, ¢,) such
that

freli W =13 =C
and then
T, = C-T (direct product).

In case Uy=y (or, equivalently, w(y)=1) implies y € C, the group I' can be
precised:

ProPOSITION 2. Let (T, U, ¢) be an a.e. system, let C'={yeT'; ¢(y) € C} and
wy)=Uy-y~?, for yeT.

If C' is divisible (in particular if C' =C) and if w(y)=1 implies y € C’', then every
injective homomorphism a — vy, of a group G<=wrI into T' such that w(y,)=a for
a € G (in particular the homomorphism 1 — y,=1 of G={1}) can be extended to
an injective homomorphism a — y, of wI into T, such that w(y,)=a, for a € wl'.

If we put I ={y,; ae wl'}, then I'=C’-T" (direct product).
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The proof is similar to that given in [5, p. 46], for ergodic transformations with
discrete spectrum.

For every a e wI' choose p, € I' with U, =apu,, that is w(u,)=a. If ae G we
take p,=v,. We have

, Uy = abpey, and  Upgpy = abpqpy
whence

Wptap) = W(pqpy) = ab.
By hypothesis, there exists a number y{(a, b) € C’ such that

Koty = Y@, D)pigp.

If a,be G, then y(a, b)=1. Consider the group {cy,;ceC’, ac G} and the
homomorphism p of this group into C’ defined by p(cy,) =c. We have, in particular,
p(c)=c for ce C’ and p(y,)=1 for a € G. Since C’ is divisible, p can be extended
to a homomorphism, still denoted by p, of wI into C’.

If we now define 4

Yo = P(po)te; for aewl

then the requirements of the proposition are fulfilled.

ReMARK. Condition: w(y)=1 implies y e C’, is satisfied, for example, if
U= Uy, where T is an ergodic transformation.

DEFINITION 2. Let (X,Z, u) be a probability measure space and T: X — X a
measure preserving transformation. We say that an a.e. system (T, U, ) is an algebraic
model of the transformation T if there exists an injective homomorphism J: T' — ['(x)
such that:

(a) JT generates L*(u);

(®) o) =@.(Jy), for yeT;

(c) JU=U,J.

It follows that if '<T'(k) is a group generating L%(w), and invariant under Uy,
then (T', Uy, ¢,) is an algebraic model for T.

If (T, U, ¢) is an algebraic model of T by means of an isomorphism J, then,
identifying I" and JT' we can consider that I'<I'(x), U= Uy and ¢p=¢,.

If (T, U, ) is an algebraic model of T, then T is invertible (that is UrL?(u) = L%())
if and only if U is an automorphism of I' (thatis UT'=T"). In particular, a transfor-
mation T having (I'y(T), Ur, ¢,) as algebraic model, is always invertible (since
U,I,=I)).

Remark. To say that (T, U, ¢) is an algebraic model for T means that (T, ¢)
is an algebraic model for the measure p (see [3, Definition 3]), by means of an
isomorphism J: I' = I'(x) which satisfies, in addition, JU=UzJ.

Conversely, if (T, @) is an algebraic model of the measure p and if U: I' - I' is
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the identity mapping, then (T, U, ¢) is an algebraic model for the identity trans-
formation T": X — X.
Algebraic models determine the transformations uniquely up to a conjugacy:

THEOREM 1. Two measure preserving transformations are conjugate if and only if
they possess isomorphic algebraic models.

Let T and T’ be two measure preserving transformations on the probability
measure spaces (X, Z, u) respectively (X', Z', ).

If T and T’ are conjugate, then from Proposition 1 we deduce that their algebraic
models (I'(w), Uy, ¢,) and (I'(n"), Uy, ¢,-) are isomorphic.

Conversely, suppose that T and T’ possess isomorphic models (T, U, ¢) re-
spectively (I, U’, ¢'). We may consider I'cT'(x), U=Uy, p=¢, and I'<I'(x),
U'=Urand ¢'=¢,.

If ¢ is an isomorphism of I" onto I'” such that

o =9¢yo¢ and ¢Ur=Uré
then (see [3, Theorem 2]), ¢ can be extended to a linear isometry ¢: L%(u) — L?(n")
such that
¢L2(l-") = Lz(l",) and ¢Leo(y')=Lw(‘Lt),
and

#(fg) = ¢f-¢g, forf,geL=(w).
The equality
¢Urf = Ur¢f, forfel

remains true first for linear combinations of functions of I" and then for every
feL¥u), so that T and T’ are conjugate.

COROLLARY. The transformations T and T' are conjugate if and only if the a.e.
systems (C(w), Uz, 9,) and (T(’), Uz, 9,-) are isomorphic.

The following theorem states that every a.e. system is an algebraic model for
some transformation.

THEOREM 2. Every a.e. system (', U, ¢) is an algebraic model for a continuous
measure preserving homomorphism + on an abelian compact group G equipped with a
suitable regular Borel measure p.

Moreover, if UT'=T, then 7 is an automorphism of G.

Consider on I' the discrete topology and take G=I". Let u be the unique
regular Borel measure on G such that (Bochner’s theorem),

o(y) = J’ {x, y) du(x), foryel.
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Then the mapping J: I' — I'(x) defined by
Jy =y, foryel

is an injective homomorphism, JT' generates L%(n) and

() = pu(Jy), foryel.
We define now the mapping 7: G — G by

{rx,y) =<Kx, Uy), forxeG and yel.
Then 7 is a continuous homomorphism of G into itself, and
JU = UJ.

If TU=T, then 7 is injective and vG =G, therefore r is an automorphism of G.
It remains to prove that = is measure preserving.
Consider the regular Borel measure v defined on G by

v(A) = p(r~14), for every Borel set 4 < G.

Then for every y € I' we have

#0) = o) = [<x Uy> dux) = [Crx, 9> dut) = f x, v ().

By the uniqueness of u we deduce that p=v, therefore u(r~14)=pu(4), for every
Borel set A<G consequently 7 is measure preserving.
REeMARK. The proof of Theorem 2 was used in [4] to prove the following

COROLLARY. Every measure preserving transformation T on a probability measure
space (X, Z, p) is conjugate to a continuous homomorphism + on an abelian compact
group G equipped with a suitable regular Borel measure. If T is invertible then = is an
automorphism of G.

4. Discrete algebraic models.
DEFINITION 3. An a.e. system (T, U, o) is said to be discrete if C<T" and

oy) =y, foryeC,
=0, fory¢C.

REMARKS. 1°. An a.e. system (T, U, o) is discrete if and only if (I', U*, @) is
discrete.
2°. We have

Uc=c, and w(lc)=1, forceC
where w(y)=Uy-y~! for y e I" (see Remark 3 after Definition 1).
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3°. Let (T, U, ¢) be an a.e. system with C<T'. Then I'=C-I" (direct product)
where I is a subgroup of I'. To say that (T, U, ¢) is discrete, means that

ey) =1 fory=1,
=0 foryel',y # 1.

4°, Let (T, U, ¢) be an a.e. system such that
lp()| < 1 implies g(y) = 0.

Then (T, U, ¢) is “essentially” a discrete system. In fact we can consider (T, U, ¢)
as a model of a measure preserving transformation T on a probability measure
space, and consider I'cT'(x), U=Ur and ¢=¢,. Consider then the group I
={cy; ce C,yeT}; then (T'y, Uy, ¢,) is a discrete model of T and contains the
initial model (T', U, ¢).

For a discrete system (T', U, ¢), the function ¢ is completely determined by T,
so that the system itself is completely determined by (T', U).

PROPOSITION 3. Let I' be an abelian group containing C and let U: ' — T be an
injective homomorphism such that

Uc=c¢, forceC.
If we define
o) =y ifyeC,
=0 ify¢C,
then (T, U, @) is a discrete system.
In fact, ¢ is of positive type:

n

D adplyi) = D ed@yi =2 > adelvyrd)

{,j=1 Y4~ k  71,74€Cri
= > > luplraiV?z 0
k v1€Cy

where y;~y, means y,y;* € C and Cy, the equivalence classes.
If y € C then Uy =1y, therefore

o(Uy) = o(); v
if y ¢ C, then Uy ¢ C (since U is injective), therefore ¢(y)=0 and o(Uy)=0, con-
sequently

#(Uy) = o).

Moreover, ¢(y)=1, if and only if y=1, so that (T, U, ¢) is a discrete system.
For discrete systems, isomorphism does no more involve functions of positive
type.
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THEOREM 3. Two discrete systems (I, U, ¢) and (I, U’, ¢) are isomorphic if and
only if there exists an isomorphism ¢ of T onto I" such that

¢c=c, forceC

and

U = U'4.
In fact, if the systems are isomorphic by an isomorphism ¢, then for every ce C
we have

Ppc) =glc) =c#0

therefore ¢c € C, and then

¢'(¢c) = ¢c
consequently ¢c=c.

Conversely, let ¢: I' — IV be an isomorphism such that ¢c=c for ce C and

éU=U'¢. We have to prove that p=¢’ o ¢. For ¢ € C we have ¢c=c, therefore

9'(¢c) = ¢c = ¢ = ¢(c).
If y ¢ C, then ¢y ¢ C (since ¢ is injective), therefore ¢'(¢y)=0 and ¢(y)=0, con-
sequently
?'(¢y) = o).

ReMark. If (T, U, ¢) is a discrete system, we shall say also that (T, U) is a
discrete system. If (T', Uy) is a discrete system and I'< I'(w), for some transformation
T on a measure space (X, Z, i), we understand that p=¢,.

From Proposition 3 it follows that (', U) is a discrete system provided that I' is
an abelian group containing C and U: I’ — I is an injective homomorphism such

that Uc=c for ce C.
For certain discrete models (I', U) isomorphism does no more involve homo-

morphisms U either:
THEOREM 4. Let (T4, U,) and (T3, Uy) be two discrete systems and put
wiy) = Uy-y~, foryel, i=1,2
Suppose that
yely and w(y) =1 implyyeC, i=12.

Then (T, U,) and (T3, U,) are isomorphic, if and only if the groups w,T"; and w,I',
are isomorphic by an isomorphism ¢ such that ¢w, =wq$ and ¢c=c force C " w,T';.
If (T'y, U,) and (T';, U,) are isomorphic by means of an isomorphism ¢: I'; — T,
such that
¢U, = Usp and ¢c=c forceC,
then we have also

dwy = wad.
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From ¢I'; =T, we deduce then ¢w,I'; =w,I';. The restriction of ¢ to w,TI, is the
required isomorphism.

Conversely, suppose that w,I'; and w,I'; are isomorphic by means of an iso-
morphism ¢: w,I'; - w,I', such that ¢w, =w,é and ¢c=c for ce C N w,I';.

By Proposition 2 there exists an injective homomorphism a — y, of w,I'; into
I'; such that w,(y,)=a for aew,T'y; then I')=C-T'] (direct product) where
Ii={ys;aewI}

Consider the groups G, =w?l', and G,=w2l',. Since ¢w,I'; = w,I'; and ¢w, =wyd
we have G, =4¢G,.

If a e G, then w,(y,)=a and a=w,(b) for some b € w,T",, therefore y,=cb for
some c € C; if we have also y,=c;b, with ¢; € C and b, € w,T',, then ¢é,=b,b"?
€ w,T';, therefore, by hypothesis,

¢y = ¢(ccy) = ¢(b1)@,
whence cdb=c,$b,. We define then unambiguously
oo = cpb, if y, = cb with ce C and b € w,I',.

It is easy to see that ¢a — y,, is an injective homomorphism of G, into I'; such

that wy(da)=d¢a. By Proposition 2, this homomorphism can be extended to an

injective homomorphism a — y, of w,I', into I'; such that w,(y,)=a for a € w,T',.
We extend now ¢ from w,I'; to I'; by

Yoy, = cyys for ce Cand aew,T,.

¥ is an extension of ¢, since if b € w,I';, then b=cy, for some c € C and a € w,I';,
whence a=w,(y,)=w;(b) € wiI'; and y,=¢cb, therefore y,,=3cdb; it follows then
that ¢b=cysa =y(cys)=yb.

Moreover, ¢ is an isomorphism of I'; onto I'; and yc=c for ¢ € C. Finally, if
ceCand y, e I';, we have

‘I'Ulc)’a = ‘/’ca'}’a = '/’a"/’c)'a = ¢a‘c'}'¢a = Uzc}.’oa = Uz'ﬁc)’a

therefore U, = Up,. By Theorem 3, (T';, U,) and (I';, U,) are isomorphic.

For transformations with discrete models we have the following characterization:

THEOREM 5. A measure preserving transformation T on a probability measure
space (X, Z, ) has a discrete model if and only if there exists a set I"' < T'\(u) such that

(a) I is a group;

(b) I' is an orthonormal basis of L*(u);

(c) UI'eCr.

We remark first that if I is a group and an orthonormal basis in L?(x), then I'Y
contains no constant function except 1, so that C-I" is a direct product.

If conditions a, b and c are satisfied, then (C-I", Uy, ¢,) is a discrete algebraic
model for T. In fact, C<C-I" and C-I" generates L%(u); if ¢ € C, then

wule) = [edu=c
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while if y ¢ C, then y=c-y’ for some ¢ € C and y’ € I’ with y’' #1, therefore
Puly) = ¢ f ¥ du = c(¥'|1) = 0.

Conversely, let (T, U, ¢) be a discrete algebraic model for T'; we may suppose
I'el'(x), U=Ur and ¢p=¢,. Write I" as a direct product I'=C-I", where I is a
subgroup of T, containing no constant function except 1. Finally, I is an ortho-
normal system, since for ¢’ € IV we have

fy'd#=¢(y') =1 ify =1,
=0 ify #1.

COROLLARY. If G is an abelian compact group, equipped with Haar measure pu,
then continuous automorphisms =’ and rotations R on G, as well as their superpositions
7=R7’, have discrete model.

We remark first that continuous automorphisms =’ and rotations R, therefore,
their superpositions = R+’, are measure preserving.

The group of characters I''=G" is an orthogonal system in L%(u) and U,.I'<I";
if R is defined on G by Rx=cx, for some c € G, then

UiAx) = H(mx) = Hc)(7'x) = A)Urp(x)
for every y eIV, therefore U, I"<C-I'. By Theorem 5, = has discrete model.

Conversely:

THEOREM 6. Every invertible measure preserving transformation T, with discrete
model (T, Uy), on a probability measure space (X, X, p), is conjugate to the super-
position of a continuous automorphism and a rotation on an abelian compact group,
equipped with Haar measure.

Consider I'=C-I" (direct product) and
Ury = p(y)Vy, foryel”

where p is a character of I'" and V is an injective homomorphism of I'V. Since T
is invertible, we have UrL?*(x)=L?*(u), therefore VT'=I". Consider I endowed
with the discrete topology and consider the Haar measure » on the abelian compact
group G=I"", Then p € G. We define the continuous homomorphism ' on G Hy

'x,y) =<Kx, Vy), forxeGandyel".

Since VT'=I", 7’ is an automorphism. Consider finally the mapping 7: G- G
defined by
(x) = pr'(x), for xeG.
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Then (C-G™, U,) is a discrete model for =, and the mapping ¢: C-I' — C-G"
defined by
¢cy = (-, vy, forceCandyel

is an isomorphism such that ¢c=c for c € C. Moreover, for y € I we have

$Uzy = $p(n)Vy = p(yX-, V¥
= P(7)<T"’ 7) = <PT"’ )'> =<7, Y>
= UL, y) = Udy

and this equality remains valid for y € I, therefore ¢Ur=U,4. By Theorem 3,
T and = are conjugate.

COROLLARY 1. A measure preserving transformation T on a probability measure
space (X, Z, p) is conjugate to a continuous automorphism on a compact abelian
group, equipped with Haar measure, if and only if there exists a set I" <T'(u) such
that

(@) I is a group;

(b) I is an orthonormal basis of L*(w);

(¢) UI'=T".

COROLLARY 2. A measure preserving transformation T on a probability measure
space (X, Z, u) is conjugate to a rotation on an abelian compact group, equipped
with Haar measure, if and only if T has a discrete model (T, Uy) with T'<T';.

We mention also the following property of discrete models.

PROPOSITION 4. Let T be a measure preserving transformation on a probability
measure space (X, Z, p) and let (T, Uy, ¢,), (I, Uy, ¢,) be two discrete systems.
If (T, Uy, @,) is a discrete model for T and if T<I", then T'=T".

In fact, let fe I'". If for every ge " we had fg ¢ C, then

jfg dp =0

therefore f=0, which would contradict | f|=1.
It follows that there exists g € I" with fg € C.
Then fe gC<T, therefore I'"=T".

5. Ergodic transformations. In this section we give some characterizations of
ergodic transformations by means of their algebraic models.

Let (X, Z, 1) be a probability measure space and T: X — X a measure preserving
transformation. The transformation T is ergodic if f€ L%(x) and Urf=f imply
f=constant.

PROPOSITION 5. If T is ergodic, then (I'y(T), Uy) is a discrete system.
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In fact if y € T',(T)—C, then Ury=cy for some c#1 (because T is ergodic),
therefore :

fydu = nyd# = 0f7d#
consequently
f ydu=0.

REMARKS. 1°. If T*is ergodic for some n, then T is ergodic, therefore (I'y(T), Ur)
is a discrete system. Theorem 7 below states a somewhat converse property.

2°. We shall see (Corollary 1 of Proposition 6) that if 7™ is ergodic for every n,
then (' (T), Uy) is a discrete system.

LeMMA. If T has a discrete model (T, Uy) and if T'y(T)<T, then for every natural n

we have
LT nT =TyD).

Consider I'=C-TI", where I" is a group and an orthonormal basis of L%(i).
Consider the homomorphisms p,: IV — C and V:I"—I" such that Uzy=
PPV ™), for ye I, :

Let ye I, (T*) N I". Then U}y=cy, for some ce C, therefore p,(y)=c and
V™y=4y. Let k < n be the least natural number such that V*y =y and consider the k-
dimensional space K generated by y, ¥y, ..., V*¥~!y. Then KX is invariant under Uy,
therefore there exists a basis f;, . . ., fi of K consisting of proper functions of Ur:

Urﬂ = qﬁ, With ¢ € C.

Then f; € I')(T)<T. Moreover, we may take f; € I'" (multiplying each f; by a
suitable number of C). The basis (f3, ..., f,) must then coincide with the basis
(&, V, ..., V¥~1y); for example f; =y, therefore Uyy=c;y.

It follows that y € I'y,(T), therefore I'y(T*) N I"<TI'y(T), consequently I',(T™)
N I'ely(T).

The converse inclusion follows from I';(T)<T'y\(T™).

THEOREM 7. Suppose that T has a discrete model (T', Uyr) and let n be a natural
‘number. If:

(a) either I'<T(T), or T(T)<T;

(b) yeI' and Upy=vy imply y € C;
then T™ is ergodic.

Let f'€ L?(w) be a function such that Uzf=f and prove that f is constant.
Consider I'=C- T, where I is a group and an orthonormal basis of L%(u). Then

f=2 oy
where "

oly) = f fydu, forevery yeI'.
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For every natural number k € N we have

Urf=f
and
Usf = > ay)pin)V "y
yer’
therefore
a(V*%) = a(y)pin(y), forkeN and yel,
whence

le(V*)| = |a(y)], forkeN and yel".

We shall prove that for every element y#1 of IV we have «(y)=0. Let therefore
y € IV be such that y#1.

If V*y=y for some k, then y € I')(T"). In fact, if '<T'y(T), then y € I'y(T")
without any other assumption, while if I';(T)<T, then by the preceding lemma

ye(T")YNT =Ty(T) =T,T»HNT.
Writing now the equality a(V*"y)=a(y)pr(y) for k=1 we obtain

ay) = a(y)pa(?)

therefore either «(y)=0 or p,(y)=1. But p,(y)=1 means Ugy=1y, which by hy-
pothesis implies y=1 and we get a contradiction. It follows that «(y)=0.

If V¥*ys#y for every k, then the functions y, ¥'™y, V", are different from each
other, therefore

D a2 £ D )2 <
k=0 y’er”
consequently |«(V*"y)| — 0 as k — oo, whence «(y)=0.

It follows that f=a(1)1, that is f is constant, consequently T is ergodic.

ReMARks. 1°. Is it possible to drop condition (a) in the preceding theorem?
The answer is positive if condition (b) is satisfied for every n (see Theorem 9 below).

2°, Isit true that if T is ergodic, then I'y(T)<T for every discrete model (T, U;)
of T'?

The answer is positive if, in addition, T is ergodic for every n. Moreover, in this
case we have I'(T)<T for every discrete model (', U;) of T (see Corollary 2 of
Proposition 6).

For ergodic transformations, we have the following conjugacy criterion:

THEOREM 8. Two ergodic transformations T and T' with discrete model, are
conjugate if and only if there exist discrete models (I, Ur) and (I, Ur) of T and T’
respectively, such that the groups w,I' and wr.I" are isomorphic by an isomorphism
¢ such that dwr=wr.¢ and ¢c=c for ce C N wI.

We use Theorem 4.
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6. Transformations with ergodic iterates. Let (X,Z,x) be a probability
measure space and T': X — X a measure preserving transformation.

PROPOSITION 6. Suppose that T™ is ergodic for every n. If (I', Uy) is a discrete
system, then (\ Jx-o wr ™(T), Uy) is again a discrete system.

We prove first that (wr }(I"), Uy) is a discrete system.
It is clear that wz (T") is a subgroup of I'(x) invariant under Ur and containing C.
We have to prove that

o) = f fdu=0, forfews'(T)—C.

Let fe wy ¥(I")— C. There are two possibilities:

(@) [ Ugf-fdu=0, for every n= 1.
Then f, U.f, U#f, ... is an orthonormal system in L%(u). If g is the projection of 1
on the space generated by this sequence, we have

g= Z a, Uzf with 3 |a,|? < co.
n=0
Then
[rau = [viran = wrriv = Wil = .
and a, — 0, therefore [ fdu=0.
(b) There exists n such that

f Usf-Fdu # 0.
Since
#f-f = wi(f-Urf- --- -Up~¥f)el
and since (I', Uy) is a discrete system, we have
if-feC

#f = ¢f for some c € C.

that is

Since f is not constant and 7" is ergodic, we have c#1.

Suppose that 7 is the least natural number satisfying Uzf=cf. The n-dimensional
space K generated by f, Uzf, ..., Ug~fis invariant under Uy, therefore there exists
a basis f3, . . ., f of K consisting of proper functions of Uy:

Urf, = ¢f;, withceC.
Each f; is of the form

fi= "i e UEf

k=0
therefore
Utf, = of.
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On the other hand
Uth = o'f;
therefore
¢! = ¢, foreveryi.

Then ¢;#1 for each i and

[fiu = [vaida = e[
therefore [ f; du=0. From

n
afi

1

f=

1

we deduce that [ fdu=0.
By induction we deduce then that for every n, (wy "(I"), Uy) is a discrete system,
therefore (| Jy- o wr ™(I'), Ur) is also a discrete system.

COROLLARY 1. If T" is ergodic for every n, then (T'(T), Uy) is a discrete system.
In fact (C, Uy) is a discrete system, and I',(T) ==, wr *(C).

COROLLARY 2. Suppose that T has a discrete model (T', Uz). If T™ is ergodic for
every n, then
will' =T and T(T)<T.

In fact, in this case (wr !, Uy) is again a discrete system and I'< w—T', therefore,
by Proposition 3, w='I'=T". Then I'(T)<T.

THEOREM 9. Suppose that T has a discrete model (T, Uy).
If for every natural number n, conditions y € I' and U™y=1y imply y € C, then T" is
ergodic for every n. '

Consider I' as a direct product I'=C- I, where I' is a group and an orthonormal
basis of L2().
Consider the homomorphisms p,:I'— C and V:I'—TI" such that Ugy
=p(Y)V*y, forye IV and ne N.
We shall prove first that T is ergodic. Let '€ L%(u) be such that Urf=fand prove
that f is .constant. We have
=2 ooy

yer-

where a(y)=(f|y). For every n we have Uzf=fand
Ulf = 2, eIpu)V"y
=

therefore

(V™) = a(y)pu(y), foryeI¥ and neN
whence

|e(V*y)| = |e(y)|, foryeI' and neN.
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We shall prove that «(y)=0 if y % 1. We remark that the hypothesis implies that if

y#1, then p,(y)#1 for every n.
If y#£1 and V™y=1y for some n, then the equality a(V "y)=«(y)p.(y) becomes

a(y) = a(¥)pa(y)

therefore «(y)=0.
If y#1 and V"y+#y for every n, then the functions vy, Vy, V2y,... are different
from each other, therefore

SlaE s D @) = |fI3 < o
n=1 7'51‘"

consequently |«(¥"y)|2 — 0 as n — co, whence o(y)=0.

We deduce that f=«(1)1, that is fis constant, therefore T is ergodic.

We remark now that for every n, (I, U}) is a discrete model for T'", satisfying
the conditions of the theorem with respect to UZ, therefore T is ergodic.

7. Transformations with quasi-discrete spectrum. Let (X, Z, 1) be a probability
measure space and T: X — X a measure preserving transformation.

DEFINITION 4. We say that T has quasi-discrete spectrum if T has a discrete model
(T, Uy) with T<T (T).

To say that T has quasi-discrete spectrum means that there exists a group
I"<T',(T) which is an orthonormal basis of L%(u), such that U;I"<C-T".

Here are some properties of transformations with quasi-discrete spectrum:

(1) If T has quasi-discrete spectrum, then (I'(T), Ur, ¢,) is an (not necessarily
discrete) algebraic model of T.

(2) If T has quasi-discrete spectrum, then T™ has quasi-discrete spectrum, for every
n (since T (T)<T o (T™).

(3) If T is conjugate with a transformation with quasi-discrete spectrum, then T has
itself quasi-discrete spectrum (see Proposition 1).

(4) Two transformations T and T’ with quasi-discrete spectrum are conjugate if and
only if the a.e. systems (Vo (T), Uz, 9,) and (U (T"), Uy, 9,-) are isomorphic.

We use Proposition 1 and Theorem 1.

For transformations T for which (I',,(T), Uy) is itself a discrete model we have,
in addition, the following properties:

(5) Let T and T’ be two measure preserving transformations having (I'(T), Ur)
respectively (I'o(T"), Uz.) as discrete models.

Then T and T’ are conjugate if and only if there exists an isomorphism J of I, (T)
onto I (T") such that

Je=c¢, forceC

and
JUT = UT'J.
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(6) If T has quasi-discrete spectrum and if there exists a discrete system (I'*, Ur)
with T, (T)<T*, then (U'x(T), Uz) is a discrete model of T and there is no other
discrete model of T containing or contained in (T (T), Uz).

We use Proposition 3.

For transformations with all iterates ergodic we have some more properties:

(7) If T* is ergodic for every n and if T(T) generates L*(u), then (I'o(T), Uy)
is a discrete model of T and there is no other discrete model of T.

In fact, by Corollary 1 of Proposition 6, (I'x(T), Uy) is a discrete system,
therefore (I'(T), Ur) is a discrete model of T. By Corollary 2 of Proposition 6, for
any other discrete model (T, U;) of T we have I',(T)<T, therefore I'(T)=T".

(8) Let T and T' be two transformations with quasi-discrete spectrum and all
iterates T™ and T'" ergodic.

Then T and T' are conjugate if and only if wel'(T) and wy.T'(T") are isomorphic
by an isomorphism ¢ such that ¢wr=wr.¢ and c=c for c € C N\ wyl'(T).

We use Theorem 8 and property (5) above.

The following theorem gives a characterization of discrete systems which are
models for transformations with quasi-discrete spectrum.

THEOREM 10. If (I', U) is a discrete system such that
= 00 w™™C), where w(y) = Uy-y~t, for yeTl,
n=

then the corresponding transformation T has quasi-discrete spectrum.
If, in addition, for every natural number ne N,y e T’ and U™y=y imply y € C, then
T™ is ergodic for every n.

In fact w is the restriction of wy to T, therefore I'cT',,(T), consequently T has
quasi-discrete spectrum.

For the second part of the theorem we use Theorem 9 to deduce that all the iter-
ates T" are ergodic. In this case we have I'=T"_(T).

ReMARK. Theorem 10 and property (8) were proved by Abramov [1].

Example of transformation with discrete model but without quasi-discrete spectrum .
Let X,={—1,1} and p,({—1})=p.({1})=4% for n=0, £1, £2,.... Consider the
product X=[]2. _» X,, equipped with the product measure x and the bilateral
shift T'(x,)=(y,), where y, = x, ., for every n. Then T™ is ergodic for every n and the
only proper value of T'is 1, so that wz }(C)=C. It follows that I',,(T)=C so that T
has not quasi-discrete spectrum.

On the other hand, consider the function f,: X — R defined by

So((xa) = =1 ifxo = —1,
=1 ifxO = 1,

and the group I generated by Uzf,, n=0, +1, +2,... and by the constants. Then
(T, Uyp) is a discrete model of T.
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8. Transformations with discrete spectrum. Let (X,Z, ) be a probability
measure space and 7: X — X a measure preserving transformation.

DEFINITION 5. We say that T has discrete spectrum if T has a discrete model
(T, Uyp) with T<T(T).

To say that T has a discrete spectrum means that there exists a group IV <T'y(T)
of proper functions of U, which is an orthonormal basis of L%(u).

Here are some properties of transformations with discrete spectrum:

(1) Every transformation with discrete spectrum is invertible (since UrI'y =T',).

(2) A transformation has discrete spectrum if and only if it is conjugate to a rota-
tion on a compact abelian group equipped with Haar measure (see Corollary 2 of
Theorem 6).

(3) Every transformation with discrete spectrum has quasi-discrete spectrum.

(4) If T has discrete spectrum, then (I'\(T), Ur, @,) is an (not necessarily discrete)
algebraic model of T.

(5) If T has discrete spectrum, then T" has discrete spectrum for every n.

(6) If T is conjugate with a transformation with discrete spectrum, then T has itself
discrete spectrum.

(7) Two transformations T and T’ with discrete spectrum are conjugate if and only
if the a.e. systems (T'y(T), Uz, ¢,) and (T'y(T"), Uy, @,.) are isomorphic.

Transformations T for which (I'y(T), Uy) is itself a discrete model, have ad-
ditional properties:

() Let T and T’ be two measure preserving transformations having (I'y(T), Ur)
respectively (U'y(T"), Uy.) as discrete models. Then T and T' are conjugate if and only
if there exists an isomorphism J of T'\(T) onto T'y(T") such that:

Je=c¢c, forceC

and
JUT = UT'J.

(9) If T has discrete spectrum and if there exists a discrete system (I'*, Ur) with
Ly (T)<T* then (T'\(T), Uy) is a discrete model of T, and there is no other discrete
model of T containing or contained in (I'y(T), Uy).

For ergodic transformations we have some more properties:

(10) If T is ergodic and if T'\(T) generates L*(u), then (I'\(T), Uy) is a discrete
model of T, and there is no other discrete model containing or contained in (I'y(T'), Uy).

(11) Let T and T’ be two ergodic transformations with discrete spectrum.

Then T and T' are conjugate if and only if Ur and Uy. have the same spectrum
[4, p. 46].

We use Theorem 8 remarking that w,I';,(T) is the spectrum of Uy and wy.T'y(T")
is the spectrum of 7.

The characterization of discrete systems which are models for transformations
with discrete spectrum, is given by the following:
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THeorReM 11. If (T, U) is a discrete system such that
w Y C)=T, where w(y) = Uy-y~%, for yeTl
then the corresponding transformation T has discrete spectrum.
If, in addition, there exists n € N such that y € " and U™y=vy imply y € C, then
T™ is ergodic.
In fact, w is the restriction of wy to I, therefore I'=T',(T'), consequently T has
discrete spectrum. The second part follows from Theorem 9. In this case we have

I'=Ty(T).

When does I'; coincide with I, ?

THEOREM 12. Let T be an ergodic transformation with discrete spectrum, on a
probability measure space (X, Z, n). We have T'y(T)=T o(T) if and only if the point
spectrum of Uy contains no root of 1 (except 1 itself).

Suppose first that I'; =T",. Let ¢ be a proper value of a function feT';:

Urf = §&f.
We shall prove that if £&*=1 for some n, then £=1. In fact, suppose that N is the
least natural number with £€¥=1. We have then

UT fN = fN
therefore, (since T is ergodic) f¥ is constant, and we may suppose that f¥=1,

.multiplying f by a suitable number, if necessary. Then f'takes on the values 1, ¢, . . .,
£¥-1 on the corresponding sets Ag, 4y, ..., Ay_1

f = kgo fkq’Ak'
Since f(Tx)=£f(x), we have

N-1 N=1
Z Epr-14, = 2 £ 14,
k=0 k=0

therefore TA,=A, ., for k=0, 1,..., N—1, where Ay=A,. It follows that u(4,)
=u(A4,)>0 for every k.
If N is odd we take v such that ¥ =1; if N is even, we take v such that ¥ = —1.
Define now the function

N-1
g = Z Veghte=Dizgy

k=0
Ug = vfg.
If fact, if x € 4, and k=0, 1,..., N—2, we have Tx € 4, ,, therefore
Ug(x) = g(Tx) = ve+1gk+i2 = pghylgie-Diz — wf(x)g(x)
and for x € Ay_, we have Tx € Ay=A,, therefore
Ug(x) = g(Tx) = 1 = NN -DI2 = £N-1N-1£WN-1XN-2/2 v (x)g(x)
since £N¥ 172 js equal to 1 if N is odd and to —1 if N is even.

Then we have
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It follows that g € I',=T',, therefore vf=c € C, consequently fe C. Wé deduce
then that Uf=/, therefore {=1.

Conversely, suppose that I'; #T'; and prove that Ur has at least a proper value
«#1 such that « =1 for some N.

Let goeI',—TI';. Since T'; is an orthonormal basis of L%(x) and go#0, there
exists # € I'; such that

(g0 ) = f goh du # 0.

If we put g=goh, we have g € T;—TI'; and [ g du#0. There exists a function fe T,

such that
Urg = fg.
There exists also a number A € C such that
Urf = M.

By induction, we deduce that for every n we have
Upg = W 13frg,
We have f* € C for some n. In fact, if we had /™ ¢ C for every n, then (since /" € I'y),

[vzgg = xe-v2 [rau = 0

therefore, the sequence g, Ug, U2%g, ... would be orthonormal, consequently
[edu = [vrgdn = Wre )0

and we would get a contradiction.

Let N be the least integer =0 such that

f N = neC.
Then .
UNg = WW-Di2yo — ¢g
We have

ffgdn = fU%‘gdy = fgdn #0
therefore £=1, consequently
Ulg =g.
Since g is not constant and since I'; generates L%(w), there exists a proper function
k#1 of T, such that (g, k)#0. If « is the corresponding proper value:

Urk = ok
we have «#1 and
(g, k) = (U"g, k) = (g, UYk) = (g, «™"k) = (g, k)
therefore o =1.
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